The quantum mechanics of spatially constant SU (2) Yang-Mills-and Dirac-fields minimally coupled to each other is investigated as the strong coupling limit of 2-color-QCD. Using a canonical transformation of the quark and gluon fields, which Abelianises the Gauss law constraints to be implemented, the corresponding unconstrained Hamiltonian and total angular momentum are derived. In the same way as this reduces the colored spin-1 gluons to unconstrained colorless spin-0 and spin-2 gluons, it reduces the colored spin-1 2 quarks to unconstrained colorless spin-0 and spin-1 quarks. These however continue to satisfy anti-commutation relations and hence the Pauli-exclusion principle. The obtained unconstrained Hamiltonian is then rewritten into a form, which separates the rotational from the scalar degrees of freedom. In this form the low-energy spectrum can be obtained with high accuracy. As an illustrative example, the spin-0 energy-spectrum of the quark-gluon system is calculated for massless quarks of one flavor. It is found, that only for the case of 4 reduced quarks (half-filling) satisfying the boundary condition of particle-antiparticle C-symmetry, states with energy lower than for the pure-gluon case are obtained. These are the ground state, with an energy about 20% lower than for the pure-gluon case and the formation of a quark condensate, and the sigma-antisigma excitation with an energy about a fifth of that of the first glueball excitation.
Introduction
For a complete description of the physical properties of low-energy QCD, such as color confinement, chiral symmetry breaking, the formation of condensates and flux-tubes, and the spectra and strong interactions of hadrons, it might be advantageous if one could first reformulate QCD in terms of gauge invariant dynamical variables, before applying any approximation schemes (see e.g. [1] ). Using a canonical transformation of the dynamical variables, which Abelianises the Non-Abelian Gauss-law constraints, such a reformulation has been achieved for pure SU (2) Yang-Mills theory on the classical [2, 3, 4] and on the quantum level [5] . The resulting unconstrained SU (2) Yang-Mills Hamiltonian admits a systematic strong-coupling expansion in powers of λ = g −2/3 , equivalent to an expansion in the number of spatial derivatives. The leading order term in this expansion constitutes the unconstrained Hamiltonian of SU (2) Yang-Mills quantum mechanics of spatially constant gluon fields [6] - [12] , for which the low-energy spectra can be calculated with high accuracy. Subject of the present work is its generalisation to the case of SU (2) Dirac-Yang-Mills quantum mechanics of quark and gluon fields 1 . First steps in this direction on the classical level have been done in [2] .
Under the supposition of the spatial homogeneity of the fields, the Lagrangian of 2-color-QCD reduces to 2
αrψ αr −ψ * αr ψ αr − gA a0 ρ a (ψ) + gA ai j ia (ψ) − m ψψ , (1) with the magnetic field B ai (A) = (1/2)gǫ abc ǫ ijk A bj A ck , the Lorentz scalar ψψ = ψ * αr β rs ψ αs , and the colordensities and -currents (using the Pauli matrices τ a (a = 1, 2, 3)) ρ a (ψ) := 1 2 ψ * αr (τ a ) αβ ψ βr , j ia (ψ) := 1 2 ψ * αr (τ a ) αβ (α i ) rs ψ βs .
For simplicity we limit ourselves here to one quark flavor. The local SU (2) gauge invariance of the original 2-color-QCD action reduces to the symmetry under the SU (2) transformations U (ω(t)) of the fermion fields, local in time, ψ ω αr (t) = U (ω(t)) αβ ψ βr (t) ,
and the corresponding SO(3) transformations O(ω(t)) ab = 1 2 Tr U −1 (ω(t))τ a U (ω(t))τ a of the gauge fields,
The rotational invariance of the original Yang-Mills action reduces to the global spatial rotations
where the 4×4 Dirac rotation matrix Λ(χ) is related to R(χ) via R(χ) ij = 1 2 Tr Λ −1 (χ)γ i Λ(χ)γ j . The canonical Hamiltonian obtained from (1) via Legendre-transformation reads
where Π ai are the momenta canonical conjugate to the spatial components A ai . In the constrained Hamiltonian formulation (see e.g. [1] ) the time dependence of the gauge transformations (4) is exploited to put the Weyl gauge A a0 = 0 , a = 1, 2, 3,
on the remaining dynamical degrees of freedom A ai , Π ai , ψ αr and ψ * αr are quantized in the Schrödinger functional approach by imposing the equal time commutation relations
and anti-commutation relations
where the quark and gluon field operators commute
The physical states Φ have to satisfy both the Schrödinger equation and the three Gauss law constraints
2 Everywhere in the paper we put the spatial volume V = 1. As result the coupling constant g becomes dimensionful with g
having the dimension of energy. The volume dependence can be restored in the final results by replacing g 2 with g 2 /V .
The G a are the generators of the residual time independent gauge transformations, satisfying [G a , H] = 0 and [G a , G b ] = iǫ abc G c . Furthermore H commutes with the angular momentum operators
with the quark-spin
The matrix element of an operator O is given in the Cartesian form
For carrying out quantum mechanical calculations it is desirable to have a corresponding unconstrained Schrödinger equation and to find its eigenstates in an effective way with high accuracy at least for the lowest states.
Unconstrained Dirac-Yang-Mills Hamiltonian
The local symmetry transformation (4) of the gauge potentials A ai prompts us with the set of coordinates in terms of which the separation of the gauge degrees of freedom occurs. This can be achieved [2] using the polar decomposition for arbitrary 3 × 3 quadratic matrices, and the new fermionic variables
with the orthogonal matrix O(q), parametrized by the three angles q i , which is the adjoint representation of the unitary 2 × 2 matrix U (q)
and the positive definite, symmetric 3 × 3 matrix S. The decomposition (16) is unique and corresponds to the symmetric gauge [3, 4] 
Preserving the canonical commutators (8) and (10) one obtains the expressions for the old canonical momenta in terms of the new variables
where
, where φ 1 , φ 2 , φ 3 are the eigenvalues of S. The variables S and ∂/∂S make no contribution to the Gauss law operators
Hence, assuming the invertibility of the matrix Ω, the non-Abelian Gauss laws (12) can be replaced by an equivalent set of Abelian constraints
and the unconstrained Hamiltonian and total angular momentum of SU (2) Dirac-Yang-Mills quantum mechanics read
in terms of the reduced variables, where γ ik (S) := S ik − δ ik trS, and J Q i and K Q i are the quark operators
The matrix element of a physical operator O is given by
The classical analog of the unconstrained Hamiltonian (23) in some equivalent form has already been obtained in [2] , the expression (24) of the unconstrained total angular momentum, however, is new. Note that the extra factor of 2 in the gluonic part and the additional term ρ i (ψ ′ ) in the quark part J Q i of the physical total spin (24), in comparison with the constrained form (13) , originate from the anti-symmetric part of the momenta (20) and have important consequences.
The variables S transform under spatial rotations as symmetric tensor field,
which can be decomposed into spin-0 and spin-2 components (using Clebsch-Gordan coefficients)
In the Weyl-representation, the quark-spin operators J Q i can be written
with the three 4 × 4 matrices S 
It follows that the combinations
of the reduced quark fields ψ ′ L , and analogously for the right-handed components, transform as spin-0 and spin-1 fields
Hence implementation of the Gauss law constraints reduces the original spin-1/2 quark fields ψ to the unconstrained quark fields ψ ′ carrying integer spin-0 and spin-1, just as the original spin-1 gluon fields A are reduced to the corresponding unconstrained spin-0 and spin-2 gluon fields S. It is however to notice that due to the unitarity of transformation (17), the unconstrained quarks continue to satisfy anti-commutation relations and hence the Pauli exclusion principle 3 . The anti-Hermitean quark operators K Q i can be written as
on the left(right)-handed 4-vector (ψ
L(R) 3 ) of reduced quark fields. For example, we easily verify the Lorentz invariant
3 Unconstrained Hamiltonian in terms of rotational and scalar degrees of freedom
Transformation to rotational and scalar degrees of freedom
A more transparent form for the unconstrained Dirac-Yang-Mills Hamiltonian (23), maximally separating the rotational from the rotation invariant degrees of freedom, can be obtained using the transformation properties (28) and (33) of the canonical fields S and ψ ′ under spatial rotations generated by the physical total spin (24). We limit ourselves in this work to the case of principle orbit configurations of non-coinciding eigenvalues φ 1 , φ 2 , φ 3 > 0 of the positive definite symmetric matrix S, which without loss of generality can be taken as
(not considering singular orbits where two or more eigenvalues coincide) and perform a principal-axes transformation
with the SO(3) matrix R(χ) parametrized by the three Euler angles χ ≡ (α, β, γ),
with the SO(3) generators ( S i ) jk = −iǫ ijk . On the fermion fields in Weyl representation, the transformation
is performed, with the U (4) matrix (det U (χ) = −i)
which is the product of the SU (4) matrix of spatial rotations
with the SO(3) generators S (4) i defined in (31), and the special U (4) matrix (det U (χ) = −i)
Hence the unconstrained spin-0 and spin-2 gluon fields read (using Wigner D-functions)
in terms of the principle axes variables, and the unconstrained spin-0 and spin-1 quark fields
in terms of the intrinsic quark variables
satisfying anti-commutation relations
Unconstrained Hamiltonian in terms of scalar and rotational variables
The transformation (41)-(44) on the quark fields yields (see the Appendix for details)
with the operators
satisfying the same Lie-algebra (26) as the original J Q i and K Q i . Furthermore one finds (see App. for details) that the minimal coupling part of the Hamiltonian is diagonalised,
with the quark-number operators
The transformation U in (42) therefore leads to a diagonalisation of the Dirac-Hamiltonian for zero-momentum quarks in the background of a zero-momentum symmetric tensor field S. The eigenvectors are the quark states u and v and the corresponding eigenvalues simple linear combinations of the eigenvalues of the reduced gluon field. Finally, the momenta canonically conjugate to the S (0) and S
A are
using the intrinsic angular momenta
For the case of Euler angles χ = (α, β, γ) we have
Hence we obtain
and
Altogether, after rescaling the fields φ i → g −1/3 φ i (i = 1, 2, 3), and then reinstalling g 2 → g 2 /V , we obtain the unconstrained Hamiltonian of SU (2) Dirac-Yang-Mills quantum mechanics in the final form
with
the quark-mass term
and the total angular momentum
Since the Jacobian of (39) is |∂S/∂(α, β, γ, φ)| ∝ sin β i<j (φ i − φ j ), the matrix elements of an operator O are given as
The representation of the unconstrained Hamiltonian 
Symmetries of the Hamiltonian
of the three indices 1, 2, 3, parity transformations P P :
time inversion T (anti-unitary)
where |0 and |8 denote the energy degenerate and complex conjugate 4 quark states with no and with all levels filled, and charge conjugation C C :
such that [H,
Furthermore, H commutes with the total number N of quarks
The eigenstates of H can therefore be characterized by the total number N = 0, 1, 2, .., 8 of quarks. Due to the charge-conjugation symmetry C in (68), the states with quark numbers N and 8 − N are degenerate in energy.
It is important to notice, that, in contrast to the parts H G in (60) and H C in (62), which both are invariant under the transformations φ i → −φ i and L ←→ R separately, the part H D in (61) is invariant under the combination P in (66). This will be seen to be crucial for the lowering of the ground state energy of the quark-gluon system in comparison to the pure-gluon case and for the appearance of a quark-condensate.
Boundary conditions
Note that for the pure-gluon case, H reduces to For N = 0 :
Its eigenstates
can be chosen to have definite angular momentum and parity quantum numbers,
and are known with high accuracy [12] . The requirement of Hermiticity of H G J Q =0
in the region bounded by the three boundary planes φ 1 = 0 , φ 1 = φ 2 , φ 2 = φ 3 and at positive infinity, leads to the conditions
(74) Finally, normalisability of the wave functions requires that the wave functions vanish sufficiently fast at infinity. 4 The conditions u (µ)
In the general case of non-vanishing quark-number, one can put the quark boundary condition (possible only for the case of half-filling N = 4), to be eigenstates under the C symmetry (68) 5
invariant under all symmetries (69) and (70) of the Hamiltonian (59). From all quark states Ψ satisfying the boundary condition (76) one can build the quark spin and parity eigenstates
and diagonalize H in the basis
4 Calculation of the spin-0 energy spectrum
For total spin-0 (J 2 = ξ 2 1 + ξ 2 2 + ξ 2 3 = 0) and for massless quarks the Hamiltonian (59) reduces to
In addition to the above stated symmetries the m = 0 Hamiltonian (79) and the boundary conditions (76) are invariant under independent global U (1) phase rotations of the left-and the right-handed quarks, and the total numbers N L(R) of left-(right-) handed quarks are good quantum numbers. Let us first consider 4-quark states with 2 left-handed and 2 right-handed quarks with the boundary condition (76), satisfied by the 6 states
which are ± parity-eigenstates, and construct the (J Q ) 2 = ( J Q ) 2 eigenstates
Furthermore, let
be the complete set of ±-parity spin-0 and spin-2 eigenstates A2+ , respectively, the positive-parity spin-0 combinations
5 Other possibilities, e.g.
would restrict the quark states to positive-parity states and hence lead to a vanishing H D in (61).
which are eigenstates of C, P and T symmetries (66)- (68), form a the complete set of eigenfunctions of H G ξ=0 ,
The interactions H D and H C ξ=0 can be written in the representation (84) as
with the abbreviations
Truncating the space of states at 30 nodes and diagonalising the total H 0 one obtains the energy spectrum shown in the third column of Tab.1 and the second spectrum in Fig.1 . The 3 numbers in brackets behind the energy values in the table give the contributions from the parts H G ξ=0 , H D , and H C ξ=0 separately. The second column of Tab.1 and the first spectrum in Fig.1 show the energy levels for the corresponding pure-gluon case. Since the gluonic matrix elements are calculated with high accuracy, the errors are expected to be smaller than the last digits shown and lie inside the lines. The lowest state is (up to contributions ≤ 0.1) 6 /V 1/3 for the pure-gluon case. It is the lowest of all spin-0 states for different numbers of massless reduced quarks and therefore constitutes the ground state. Note that responsible for the lowering of the energy in the presence of quarks is H D , which leads to transitions between gluon states with positive and negative parity, of course accompanied by a corresponding transition between quark states with opposite parity in order to be invariant 6 The coefficients in (88) satisfy
under the total parity transformation P in (66)
which connects the parity-doublet partners in the quark wave function (80), has non-vanishing expectation values. In particular for the lowest state (88), we find the quark condensate according to the simple formula
in addition to a gluon condensate (to be calculated) as in the pure-gluon case. Note however, that 0|ψψ|0
(0)+ QG(2L2R) = 0. For the case of 4-quark states with 3 left-handed and 1 right-handed quark or vice versa with the boundary condition (76), we have the 8 states 7
A similar calculation as for the first case yields the energy spectrum shown in the forth column of Tab.1 and the third spectrum of Fig.1 . The energy E (0)+ 0 QG(3L1R/1L3R) = 3.42 g 2/3 /V 1/3 of its lowest state is also considerably lower than the ground state energy for the pure-gluon case but a little higher than for the first case of two right-and two left-handed quarks. It could be identified with the sigma-antisigma excitation in this massless 1-flavor 2-color investigation, its mass would be about one fifth of the first glueball excitation and therefore of the right order of magnitude.
Finally we mention, that for the case of 4 right-handed or 4 left-handed quarks with the boundary condition (76), we have the 2 states
leading to an energy spectrum which is the sum-set of the energy levels of the positive-and negative-parity pure-gluon cases, {E
shown in the last column of Tab.1 and the last spectrum in Fig.1 (note that the first three and the 5th energy value coincide with E (0)+ i G , i = 0, 1, 2, 3, whereas the 4th energy level is the lowest E (0)− 0 G level). All other number of particles and boundary conditions other than (76) do not lower the energy in comparison with the pure gluon case. Note, that if one imposed the boundary condition of Footnote 5 instead of (76) on the 4 quarks, H D made no contribution and one would obtain a ground-state energy higher than that for the pure-gluon case. Also for boundary conditions which are rotationally invariant combinations of (76) and that in Footnote 5, putting one condition on the reduced spin-0 quarks and the other on the reduced spin-1 quarks, the energy is not lowered.
We have considered here the simplest case of one quark-flavor with mass m = 0. A non-vanishing quarkmass will lead to transitions between the states of the three massless cases discussed here. The generalization to m > 0, higher total spins and two or three flavors is straightforward and will be the subject of future work.
Summary and discussion
The quantum mechanics of spatially constant SU (2) Yang-Mills fields minimally coupled to Dirac fields has been investigated as the strong coupling limit of 2-color QCD. Using the polar decomposition for the spatial components of the original constrained gauge fields and a corresponding SU (2) phase rotation of the constrained quark fields as in [2] , the corresponding unconstrained Hamiltonian (23) and total spin operator (24) has been derived in the present work. The classical analog (in some equivalent form) of (23) has already been obtained in [2] . The expression for the total spin (24), in particular its quark part J Q i , is new in the present work and has important consequences.
Firstly, such as the unconstrained gluon fields can be represented by spin-0 and spin-2 fields, the unconstrained quark fields are found to carry spin-0 and spin-1, but to continue to satisfy anti-commutation relations and hence the Pauli-exclusion principle. The states of SU (2) Dirac-Yang-Mills quantum mechanics can therefore only have integer spin.
Secondly, the expression (30) for J Q i in terms of S (4) allows to determine the correct transformation properties of the unconstrained quark fields leading to the decomposition (41)-(44). Together with the well-known principle-axes representation (39) of the unconstrained gluon field S it leads to a transparent form (59)-(63) of the unconstrained SU (2)-Dirac-Yang-Mills Hamiltonian, which separates the rotational from the scalar degrees of freedom and is new to the best of my knowledge. It generalizes the corresponding form of the pure-gluon Hamiltonian, known already for several decades, and allows to derive the energy spectrum of the Hamiltonian of SU (2) Dirac-Yang-Mills quantum mechanics. In order to keep the formulas simple, only the 1-flavor case has been shown in this work, the generalization of the Hamiltonian (59)-(63) to two or three flavors is trivial.
As an illustrative example, the energy spectrum has been obtained here for the case of total spin-0 and for 4 massless quarks of one flavor (half-filling), imposing the boundary condition (76) of C-symmetry on the quark wave function. For the case of 2 left-and 2 right-handed quarks, the ground state energy is found to be lowered in comparison with the pure-gluon case by about 20%. Furthermore, the formation of a quark condensate appears, in addition to an expected gluon condensate (to be calculated). Responsible for these features is the part H D , which is invariant under the combined transformation φ → −φ in the gluon sector and L ↔ R in the quark sector, but not invariant under each of them separately. An energy slightly higher than the ground state, but still considerably lower than that for the pure gluon case, is obtained, if 3 left-and 1 right-handed quark and vice versa are considered. Its lowest state could be identified with the sigma-antisigma excitation in our investigation. The energy spectrum of the third case of 4 left-or 4 right-handed quarks, finally, is the sum-set of the positive-and negative-parity pure-gluon spectra. A non-vanishing quark-mass term will cause transitions between these three massless spectra. Furthermore, it turns out that the boundary condition (76) of C-symmetry is the only one that leads to energies lower than the pure-gluon ground state energy.
Finally, let us remark that, since the fields and states of SU (2) Dirac-Yang-Mills quantum mechanics all carry integer spin, the expansion of the physical Hamiltonian in the number of spatial derivatives and coarse graining, developed in [5] for the case of SU (2) Yang-Mills theory, can be straightforwardly generalized to the case of 2-color-QCD. One should note that the reduced quarks are not valence quarks, and that baryon number is expected to be related to topological quantum numbers of field configurations extending over several granulas. We conjecture here, that for the real case of QCD with three colors, the situation will be analogous to the 2-color case, except that baryons now carry half-integer spin and will appear naturally as skyrmions [15] .
with the 3 × 3 rotation matrices ( S i ) jk = −iǫ ijk and the 3-dimensional unit vectors ( e i ) j = δ ij , and hence one finds that the minimal coupling part of the Hamiltonian is diagonalised,
with the number-operators (52) of reduced quarks.
